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Abstract By the use of complete orthonormal sets of nonrelativistic scalar
orbitals introduced by the author in previous papers the new complete orthonormal
basis sets for two- and four-component spinor wave functions, and Slater spinor orbi-
tals useful in the quantum-mechanical description of the spin-1/2 particles by the
two- and four-component relativistic equations are established in position, momen-
tum and four-dimensional spaces. These function sets are expressed through the cor-
responding nonrelativistic orbitals. The analytical formulas for overlap integrals over
four-component relativistic Slater spinor orbitals with the same screening constants
in position space are also derived. The relations obtained in this study can be useful
in the study of different problems arising in the relativistic quantum mechanics when
the position, momentum and four dimensional spaces are employed.

Keywords Exponential type spinor orbitals - Dirac equation - Overlap integrals

1 Introduction

It is well known that the eigenfunctions of the Schrodinger equation of the hydro-
gen-like atom and their extensions to momentum and four-dimensional spaces by
Fock [1,2] are not complete unless the continuum is included. In atomic and molec-
ular electronic structure calculations it is quite common to introduce the complete
and orthonormal function sets. The examples of complete and orthonormal functions
in position space for the particles with spin s = 0 are so-called Lambda and Cou-
lomb Sturmian orbitals introduced by Hylleraas, Shull and Lowdin in Refs. [3-6].
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The relativistic one-electron Coulomb Sturmian wave functions have been developed
and discussed by Avery and Antonsen [7].

Vast majority of modern relativistic calculations are being done within numeri-
cally more convenient Gaussian type orbitals (GTO) (see [8] and references quoted
therein). In the case of the point nuclear model, the GTO do not allow an ade-
quate representation of important properties of the electronic wave function, such
as the cusps at the nuclei [9] and the exponential decay at large distances [10].
Therefore, it is desirable to perform the relativistic calculations with the help of
exponential type orbitals (ETO), when the point-like nuclear model is used. The Gauss-
ian-type basis sets are the natural and preferable choice when the Gaussian nuclear
charge distribution is used. Certainly, this is a better model for reality than the point
nucleus.

It should be noted that the straightforward use of relativistic equations for two- or
more- particle systems in the calculations with finite basis sets, independent for large
and small components, could cause numerical instability known as the Brown-Raven-
hall disease [11]. A possible solution of this problem is to use “kinetically balanced”
basis sets for the small components [12]. The similar so-called variational collapse
arising in the one-particle level can also be avoided by the use of “kinetically balanced”
basis sets [13]. We notice that all of these problems are of no practical relevance in
todays 4-component calculations, since there are efficient ways to avoid them.

The aim of this work is to derive the new complete orthonormal basis sets for
two- and four-component exponential type spinor orbitals arising in relativistic quan-
tum theory of atomic-molecular and nuclear systems. We notice that the definition of
phases in this work for the complete spherical harmonics (Y, = Y; ) differs from
the Condon—Shortley phases [14] by the sign factor (—1)".

2 Nonrelativistic scalar wave functions and Slater orbitals

To construct in position, momentum and four-dimensional spaces the complete ortho-
normal sets of two- and four-component relativistic spinor wave functions, and Slater
spinor orbitals for the spin-1/2 particles we shall use the following nonrelativistic
scalar orbitals:

Y¥-exponential type orbitals (y*-ETO)

W& (¢, F) = RS, r)Sim(F/r) (1)
Vo (. F) = Roy(&, ) Sim (F/ 1), )

¢“-momentum space orbitals (¢*-MSO)

¢, (. k) = %L, k) Sy (K ) 3)
B (£, k) = T (2, k) Spm (K / ), @)

z%-hyperspherical harmonics (z*-HSH)
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2% (€, BO®) = P (kca) Tim (K1, K2, K3) Q)
2% (&, BO@) = Py (i) Tim (i1, k2, k3), (6)

x -Slater type orbitals (x-STO)

anm(é‘,?)=Rn(§sr)Slm(;:/r), @)

Slater type u-momentum space orbitals (#-MSO)

Unim (£, §) = Qi (C, k) Spm (k/ k), (8)

Slater type v-hyperspherical harmonics (v-HSH)

1 -
Unim (&, BOP) = g3Tlﬂnz(lw)sz (K1, k2, K3). 9

See Refs. [15-20] for the exact definition of quantities occurring on the right-hand
sides of Egs. 1-9. We notice that the quantities k1, k2, k3 and k4 occurring in Eqs. 5,
6 and 9 are the Cartesian coordinates on the four-dimensional space. They can be
obtained from the components of the momentum vector k by the following relations:

K1 = kx/mz sin B cos ¢ sin 0

Ky = kﬂm: sin B sin ¢ sin 0

K3 = kz/\/m = sin B cos 6 (10)
ks = ¢/NE2+ K2 = cos B,

where the angles 8,0,¢ (0 < g < %, 0 <6 <m0 < ¢ < 2m) are spherical
coordinates on the four-dimensional unit sphere; 6 and ¢ have the meaning of the
usual spherical coordinates in momentum space. The surface element of the four-

dimensional sphere is determined by
dQ (¢. py) = £7dQ. (11)

This surface element is connected with the volume element in momentum space by
the relation:

&k = dk,dkydk, = dQ (¢, BOg) , (12)
where
sin? B .
dQ = dQ (1, BOy) = —; - dB sin6dod. (13)
cos* B
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In this study, using functions (1-9) we introduce in position, momentum and
four-dimensional spaces the new complete orthonormal basis sets for two- and four-
component spinor wave functions, and Slater spinor orbitals. We notice that the spinor
wave functions obtained are complete without the inclusion of the continuum.

3 Two- and four-component spinor wave functions and Slater type spinor
orbitals

In order to construct the formulas for the two- and four-component spinor wave func-
tions, and Slater spinor orbitals in position, momentum and four-dimensional spaces
we use for the spherical spinors the following independent relations:

Q 0.9) = @, (0)Bm(© Yim(©)©. ©) 1
imi 2P =\ a1 By Yima (6
105, (D Bm1)Yim1) (0, ¢)

.1
—taj, (DBm© Ym0 (@, ¢)
Aljlmj 0. 0) . ;tn_, ) (15)
—tajy,, OBy Yi,m1) (@, @)

Then, by the use of Egs. 1-9, 14 and 15 one can construct for the two- and four-compo-
nent of exponential type spinor orbitals in position, momentum and four dimensional
spaces the following relations:

Complete orthonormal sets of two-component spinor wave functions

taé’m, (O)ﬁm(o)krozllm(O) ({1 ;)
! o .. ] (16a)
_tajmj(l)ﬁm(l)knlm(l)(g’ r)

. tal, (0)Bm©Knim(o) (€ 7)
Koo (6. F) = Roy(2, 1) w @0 = "/ —a . ) (16b)
Jjm 1 J (_tai‘mj(l)lgm(l)ki’llm(l)(g’ I")

Kyt (6. 7) = Ryy(5, 1, (0.9) = (

o m (D Bk 0y (& 7)
Keh (€. 7) = RS, @A 0,9) = ’ i (17a)

]m (O)ﬂm(l)knltm(l)(g r)

—alt a I (1)13”1(0)knl,m(0)(§ I‘)
n]n‘l (§ r) ”lt (cﬂ r)A]mJ (9’ (p) ) (17b)

jm (O)ﬂm(l)knl,m(l)@ r)

Slater type two-component spinor orbitals

ta,l/'mj (O):Bm(O)knlm(O)(f, 7) (s)
_mﬁ'mj D Bumyknim1y (&, F)
_ia?mj (l)ﬂm(())kn[tm(()) (Cv ?)

n]m e r) = Rnl,(; F)A]’m (CH (p) 1 . (19
=i, (0)Bncyknt,m(1) (8, 7)

n]m (¢, 7) = Ru(g, I’)Q ,(Q,go)z(
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complete orthonormal sets of four-component spinor wave functions
I
1 Ksim; @€ 1)
Kot (6.7) = —=——= (20a)
njm; 2 —Bu, ;‘/’;n (&, 7)
jmj (O)ﬂm(o)kz[lm(O) (¢, r)
o =15, (DB K1y (6 7) o0
2— 6nl, —i i‘tm : (l)ﬂm(O)k;xllrm(o) (¢, ?)
\_él i, OB kS 1) €. )
o 1 Kojm; &7
(¢, 7)) = ———= 1 (21a)
n]m /2 — bui, _thm &,7)
1}, (0B Kim(0) 6+ )
! —td} (DBt Knim1y (6. 7) o1
V2=, | =ial, (DB Km0y & 7)
—ia, OB Kt ety € 7)
Slater type four-component spinor orbitals
ST, p——— ’”’” “n (22)
r) =
R NZA ,,]m €, 7)
jm, (0)Bin @) knim(0) (5. )
B 1 —laémj D Bnyknim) (&, 7) 03
2 — Snl, _ia;[m_/ (D,Bm(O)knl,m(O) ¢, ?)
—ia,, O)Bu(iyknt,mt) (¢ F)
The functions containing in these formulas are defined as
i = Vit (€ F), Bt (6.0, 25, (¢, BOP) (24a)
Bt = Wt (&), B (6 K), 25 (€ BOP) (24b)
knim = Xnim (&, ;)7 Unim (E, ]_é)’ Vum (¢, BOY) (25)
K, = i, (6,7, @n,m (€. k). anm €. BOY) (26a)
—al 1
Konim; = Wi (6. 7), By (8,K), Z, i . BOP) (26b)
K} i, = X, (6 F), Ul (6K, Vi (2 BO9) 27)
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Kolt, = walt (&, 7), @, (&, K), Z3, (¢, pog) (28a)
l 1 1 1

Kopimy = Wi, (6. 7), @iy (6,80, Zyiy, (¢, BOR) (28b)

K)o, = X0l (€ F), Ull (6K, Vil (£, BO9). (29)

The functions Ilfn,m Enlm i, ¢nlm Zﬁzm,f‘izm, Xnlm,Unim and vy, occurring in these
formulas are determined by Eqs 1-9. It should be noted that the radial parts of orbitals
o —F o o o — d . hl _ . . . h
nl,m,wnlfm, nl,m,¢nl,m,znl,m,znl,m, Xnlym,Unlym a0A Unlym with l; =n arising in the
two- and four-component cases must be equated to zero.

The quantities containing in Eqs. 14-23 are determined by

=js=n-—

NI*—‘

1 <n<o0; ]—l+—t(t—:|:1)
1
j—zflfmin(j—i—i,n—l); (30)

1
l,:l—i—t;m(k):m;%—)\—E;Oka L;
ﬂm(k) — (_1)[\m(A)|—m(A)]/2 — i|m()»)|—m()»)

and

172
1 1 1 I+ (=D*tm; + 3
l — (/2 z [P T B ) J T2
ajmj()\)—(lzm()»)2 A‘lzjmj)—t |: T . (3D

The coefficients a (A) satisfy the orthonormality relation

1

D Gy I (1) = 851 (32)

A=0

In the special case of position space the four-component spinor orbitals, Eqs.20b,
21b and 23, have the following form:
For complete orthonormal sets of spinor wave functions

]m (O)ﬁm(O)wnlm(O)(c I‘)

It 1 _ta/m (])ﬂm(l)wnlm(”({ r)
Wim, (6. 7) = ——= | (33)

m {mj( )ﬂm(O)wn[lm(())({s r)

_iaj[mj (O)ﬁm(l)lﬁ,‘fl,m(l)@, ’_;)

1@}, OB Vnim0) €+ 7)

—alt - 1 —taém (l)lgm(l)WZlm(l)(g r)
Vi (6,7) = ——= ; 34
wim; (&1 = ,,,, DB T in0(€7) Gd

Jm (O)ﬂm(l)l/fnl,m(l)@ F)

@ Springer



J Math Chem (2010) 47:391-402 397

for the Slater type spinor orbitals

§m (0B (©) Xntm(©) (& 7)
X (@) = 1 —fa]m (DBum(1) Xntm(1) (5, F)
/ 2 — 8y, ,m (D) B (0) Xntym(©) (&, 7)
Jm OBty Xntym(1)(§, )

(35)

The first few four-component spinor wave functions defined by Eq.33 are shown in
Table 1.

Using method set out in Ref. [21] it is easy to show that the independent spherical
spinors, Egs. 14 and 15, for the given values of j have the following properties:

R“
d n[(é"r) +(1 —K)
dr

dRY (¢, r)
dr

) e
5 PLRG(C. DL, (0. 9)] = h[ o r>]

ls
A, ©0.0), (36)

RS, (1)
& pIRY, (¢, r)AY, <9,w>]=—h[ LA }9’- ,0.9)

jm

(37)

where ¢ > 0, —00 < o < 1, the three Cartesian components of ¢ are the Pauli spin
matrices and

Kk =1(j+1/2). (38)

Equations 36 and 37 are important in the reduction of the Dirac equation to the radial
form.

The nonrelativistic scalar wave functions, and the two- and four-component rela-
tivistic spinor orbitals satisfy the following orthonormality relations:

/ O (€ X (6, %) AX = S 811 Sy (39
" - — (n —i—n’)!
/knlm (& ke (&, x)dx = [(2n)! (271/)!]1/26” Smm (40)
i
/nglm ¢, x )Kn]m’ (<, )C) dx = (Snn/(sll’gjj/amjm} (41)

+n)!
(n n) S "5m,~m’j (42)

/ njm; @, X)K/ y /(§ X)dx = W&l’ jj

¥ oy 4o
/nglmt (; )Kn g (C, )C) dx = Snn/Sll’Sjj/Smjm;- (43)

tn) s, Sy (44

It Ut dx = B A—
/Kn]m (é‘ )Kn’]/m (é‘ x) [(2’1)'(2 /)‘]1/28” ]]

@ Springer



398

J Math Chem (2010) 47:391-402

Table 1 The four-component spinor wave functions for 1 <n <3

noo ' j mj ‘I’ffjlﬁn ©.n
1 0 +1 172 1/2 (Wi 0 0 0)
172 (0 =y, 0 0)
L NES
2 0 +1 172 1/2 f(%OO 0 f‘//zlo ’\/;l'ﬂl)
—1/2 %(0 _'ﬁzoo i\/;wﬂ—] %W%O)
1 —1 12 12 %@ %w‘g‘m \/gl/fgu =300 0)
—1/2 %fz —\/51#3‘1 1 ﬁwzam 0 “/’%00)
+1 312 3/2 (¥5, 00 0)
1/2 (\/ngm \f¢211 0 0)
—1/2 ( % 21-1 \/>‘/f210 0 0)
=32 (0 v, 0 0)
3 0+l 12 12 %5 Vs O f‘/fno i\/gd/é’“)
—-1/2 % 0 =¥y ’[Wsl 1 *%1”?10)
1 —1 12 1/2 %Fz \}51”310 [W311 —i¥300 0)
—-1/2 %@ \/g‘/’sl 1 f‘pno 0 ”/’300)
+1 32 3/2 %(wgﬁl 0 —Z=vg, —ﬁwszz)
1/2 %@ fw310 f'p311 _i\/zwgtzo _i\/gwgﬂ)
—1/2 %5 % V3o [¢310 ’f‘bSZ 1 _i‘/gwgzo)
—-3/2 %(O W31 1 f11/32 2 \;g 1//?2 1)
2 -l 312 3/2 \i@(% o fwm —iyg 0
12 %(\/% 40 fllfgzl *i\/zilféﬁo %'ﬁ?n)
-1/2 %5( \/g V3 1V3zo \[%1 1 [Wslo)
-3/2 \%2(% L~V O —ivgiy)
+1 52 5/2 (¥ 0)
3/2 (%@1/’?21 _ﬁ‘/’mz 0 0)
2 (Vi Ve 0 0)
STCR CNEYZ SRRENEYE P
—3/2 (%T//zz 2 fw32 1 0 O)
—5/2 (0 W32_2 0 0)
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where
X =7k, BOpanddx = d°F, &k, dQ (¢, BOy) . (45)

As can be seen from the formulas presented in this work, all of the two- and
four-component spinor wave functions and Slater type spinor orbitals are expressed
through the corresponding nonrelativistic scalar functions defined in position, momen-
tum and four-dimensional spaces. Thus, the expansion and one-range addition theo-
rems obtained in [19] for the ¥ “-ETO, ¢*-MSO, z*-HSH and x-STO can be also used
in the case of two- and four-component relativistic functions in position, momentum
and four-dimensional spaces.

4 Evaluation of overlap integrals over Slater type four-component spinor
orbitals in position space

Now, we evaluate the two-center overlap integrals over four-component Slater type
spinor orbitals with the same screening parameters defined as

It,l't’ A It" 't - 5\ 432
Sty (G) / X (@7 )anm (;,r - R)d 7, (46)
where 7 = 7y, 7 — R = 7, R = Ry and G = 2;1%. By the use of Eq.29 for
K fl’/mj = Xﬁl’/m we obtain for integral (46) the following relation:

1,0t Ly
o (G) = Z{ﬁ/ By Gy Suim . 1y (G)

njmj, n'j'm’; Jjmj jm

l,,l/

+a ) t,/A o (1 — )‘)ﬂm()n),m/(k)snl,m()u);n’lt’,m’(}»)(G)}’ (47)

Jmjj'm’;

where a" g (A) = im (k)a /(A) I g (A) = (k)a ,(A) and

jmj J'm; j /m J'm; jm

Bmoy.m' ) = Bm) B 3)- The quantmes SulmQy,n'l'n! (A)(G) are the overlap integrals
over Slater nonrelativistic orbitals. They are determined by

snlm,n’l’m’(é) = / X;,k[m (;'a ?)Xn’l’m’(gv F— R)dz? (48)
It is easy to show that

Suimtm (G) = {[2(n + a)]!/(2n>!}‘/2

n+a n'

4 -
: Z z (/L)“ ”+"‘“6zu Syaim v (G)s - (49)

p=l+1 /=141
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where
i (G) = / Tt € PV (27 = R) &F. (50)

See Ref. [16] for the exact definition of coefficients @

As we see from Eq. 49, the overlap integrals of Slater scalar orbitals are expressed
in terms of overlap integrals over nonrelativistic ¥*-ETO. The analytical relations
for the evaluation of nonrelativistic overlap integrals over ¥*-ETO were obtained
in [19].

The results of calculations for the overlap integrals over Slater type four-compo-
nent spinor orbitals with the same screening parameters obtained from the complete
sets of Y1 —, y%— and v ' —ETO using Mathematica 5.0 international mathematical
software are presented in Table 2. As we see from the table that the suggested approach
guarantees a highly accurate calculation of the overlap integrals over relativistic Slater
spinor orbitals which are obtained by the use of nonrelativistic overlap integrals.

Thus, the relations for the nonrelativistic overlap integrals over scalar orbitals
presented in our previous papers also can be used in the evaluation of arbitrary multi-
center multielectron integrals over two- and four-component relativistic spinor wave
functions and Slater spinor orbitals. We note that the corresponding approach for the
evaluation of nonrelativistic multicenter multielectron integrals using nonrelativistic
overlap integrals have been described in previous papers [22-25]. For the calculation of
nonrelativistic overlap integrals, the efficient computer programs especially for large
quantum numbers are available in our group [26]. Therefore by using these programs
and formulae presented in this study one can calculate the multicenter multielectron
integrals arising in atomic and molecular electronic structure calculations when the
complete orthonormal spinor wave functions or the Slater spinor orbitals basis sets
are employed.

5 Conclusion

It is well known that the eigenstates of the matrix representation of the Dirac
operator do not lead to the correct Schrodinger and Pauli limits in the same basis
(and to the exact results for a complete basis). These wrong Schrodinger and Pauli
limits are the main reason for the so-called “variational collapse” which can be avoided
by the use of “kinetically balanced” basis sets. In the majority of works published in
the literature, the relativistic calculations were performed with the help of “kinetically
balanced” basis sets, and this creates some difficulty in calculating the atomic and
molecular structures. In order to overcome the “variational collapse” appearing in the
Schrodinger and Pauli limits, the necessity thus arises of using the four-component
complete orthonormal spinor wave functions and Slater spinor orbitals basis sets which
are expressed through the corresponding nonrelativistic scalar orbitals, and this is one
of the main advantages of the present article.
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